An approximation algorithm for analyzing a closed queueing systems with a K-dimensional fork/join queue is presented. The procedure is based on Norton's theorem. Comparisons with exact numerical data and simulation data show that the approximation procedure gives results which are an upper bound of the mean response time of the fork/join operation and a lower bound of the system throughput, for both homogeneous and non-homogeneous cases. JoA... modification of this procedure, applicable only to the homogeneous case, is also presented. This procedure was found to. give very good results for the system throughput and the mean response time of the fork/join operation (the relative error is less than 3%).
Introduction
In recent years, there has been a growing interest in the development of tools for analyzing the performance of distributed and parallel processing systems. In such systems, quite often, a job is split into two or more sub-jobs. These sub-jobs execute independently of one another, and at the end of their execution, they recompose to the original job. These type of operations are known as fork/join or disassembly / assembly in production system. They occur in multiprocessor computing systems, distributed database systems, telecommunication systems and flexible manufacturing systems;
In this paper, we consider a closed queueing system with a K-dimensional fork/join queue and~f identical jobs. When a primary job finishes its service at the fork node it is split into a fixed number K (K>2) of sub-jobs called siblings.
Each sibling executes independently of one another. A sibling upon completion of its service enters the synchronization queue where it waits for the other siblings.
.As soon as all the siblings have been served, they merge into the original primary job. We call the time between the fork and the join operation of a job as the response time. Also, the time a sibling spends waiting for the other siblings is referred to as the synchronization delay.
Queueing networks with fork/join operations are In general difficult to
analyze. An exact numerical approach to modelling a forkfjoin queue results in an explosion of the state space and makes computational intractable. Also, in general, fork/join models do not have analytically closed form solutions. In view of this, most of these systems reported in the literature have been analyzed using various approximation methods.
Flatto [6, 1] considered a fork/join queueing system, assuming that jobs arrive in a poisson fashion. Upon arrival, a job is split into two siblings, each sibling is served by a different server. The service time at each server is exponentially distributed with a different mean. As soon as the two siblings have been served, they recompose into a primary job which leaves the system immediately. Flatto obtained the stationary distribution of the response time, and for each queue he obtained the queue length distribution and its expectation conditioned upon the other queue. Heidelberger and Trivedi [8] considered a queueing network model of a computing system in which jobs divide into two or more asynchronous tasks, i.e., synchronization between tasks is not required. They developed an algorithm which use an iterative technique for solving a sequence of product form type queueing networks. In [9] , they extended the model to include a join node. Two approximation methods were developed. The first one was based on a decomposition approximation, consisting of an inner model, a product form queueing network, and an outer mode!, a finite state markov chain. The other approximation was based on the complementary delays method, which iteratively solves a sequence of product form queueing networks. Nelson and Tantawi [10} proposed an approximation technique, called the scaling approximation. They assumed that the mean response time increases at the same rate as the number of sibling increase. They derived a closed-form approximate expression of the mean response time for a homogeneous fork/join queueing systems consisting of K (K~2) identical servers.
The forkfjoin queue was analyzed numerically as a closed network by Duda and Czachorski [4] . The numerical approach is inherently limited to small problems. Also, Duda [51 developed an approximation algorithm for analyzing the same system, by constructing an approximately equivalent queueing network with a product-form solution. This approximation method was validated for only 3 siblings. The general model was considered by BacceIli and Makowski [2] . Their analysis was based on renewal type of arguments. They concluded that an upper bound of the response time can be obtained using a GI/G/l mutually independent parallel queueing system and a lower bound can be obtained using a DIG/! parallel queueing system. The tightness of these bound was not analyzed. Ammar and Gershwin [1] presented an equivalence relation for disassembly/assembly operations in production systems. In particular, by studying the movement of holes, they converted a 2-dimension disassembly/assembly system into an equivalent tandem queueing network.
In this paper, we consider a closed queueing system with a K-dimensional fork/ join queue. The system consists of homogeneous or non-homogeneous exponen tial servers. The buffer size of each queue is infinite.. Using Norton '5 theorem (see Chandy, Herzog, and Woo [3] ), we iteratively reduce the Kdimensional fork/join queue into a 2-dimensional fork/join queue. This approximation method gives a lower bound of the system throughput and an upper bound of the response time. For the homogeneous case, we empirically observed that the difference of the system throughput between the approximate solution and the exact solution proportionally increased as the number of siblings increased. Hence, we developed a modification procedure in order to improve the accuracy of the approximation algorithm. The relative error of the system throughput and the response time of the modified approximation algorithm was found to be less then 3%.
In the following section, we describe the fork/join model. In section 3, we -present an approximation algorithm for analyzing a closed queueing system with a fork! join queue. In section 4, we describe the modification procedure. Finally, the conclusions are given in section 5.
Model Description
The model studied in this paper is a closed queueing system consisting of a primary node and a K-dimensional fork/join queue, as shown in figure 1 . The Kdimensional fork/join queue consists of K servers arranged in parallel. Each server has its own queue, hereafter called the sibling queue. For each sibling queue there is a synchronization queue.. The capacity of each queue is assume to be infinite, the service time of each server is exponentially distributed, and the service discipline is FIFO. Let M be the number of primary jobs in the system. Each primary job is split up into K siblings (fork operation) upon completion of its service at the primary node. Each sibling joins a different sibling queue. Upon completion of its service, a sibling enters its synchronization queue where it waits for the other siblings associated with the same job. When all siblings have completed their service, i.e., each sibling is in its synchronization queue, they recompose immediately to the original primary job which joins the primary node. At time t, let P(t) be number of primary jobs, Si(t) be number of siblings in sibling queue i, \Vi(t) be number of siblings that have been serviced and are waiting in the ith synchronization queue, i = 1,2 ... K. Then, at any given time t, M = P(t) + Si(t) + Wi(t), i = 1,2...K.
The motivation behind studying this fork/join system as a closed queueing .network, is that it allows us to incorporate approximately fork/join operations in a BCMP type of a queueihg networks. Let us consider, for example, a queueing network of the BC~lP type, and let us assume that jobs after completing service at node i, are split up into K siblings. Each sibling enters a different queue. When all siblings complete their service, they merge into a single job which joins some other queue in the system. Queue i along with the fork/ join queue can be replaced approximately by an equivalent server, so that the resulting queueing network is in the BCNfP type. . This equivalent server can be obtained by analyzing queue i and the fork/join queue as a closed queueing network (as shown in figure 1), with yf jobs in it, where Yl varies from 1 to the total number in the system. This paper concentrates on the analysis of such closed queueing networks with a fork/join queue. . The approximate substitution of this system by an equivalent server in a BCMP queueing network is not investigated, seeing that such an approximation is common place and quite well understood (cf. Perros, Nilsson, and Liu [11] ).
In order to analyze the above model, we developed both a numerical procedure and an approximation algorithm. The numerical procedure involved the following steps: (1) generation of all the states of the system; (2) generation of the rate matrix Q; and (3) solution of the linear system Qx T = 0 in order to obtain the steady state probabili ty distribution. We note that the state space increases very fast seeing that the number of states is equal to (M+l)K. In view of this, the numerical procedure is only suitable for analyzing small systems. On the other hand, the approximation procedure described below can be used for any number of siblings.
The .. Approximation Procedure
In this section, we discuss an approximation procedure for analyzing the closed queueing network with a K-dimensional fork/ join queue as described above and shown in figure 1. The approximation procedure can be briefly summarized as follows. We first analyze approximately the K-dimensional fork/join queue shown in figure 2. In particular, using Norton's theorem. this system is approximately reduced to a 2-dimensional system, which is then used to replace the Kdimensional system in the original queueing network as shown in figure 3. This queueing system is then analyzed numerically, as described above.
Let us first consider the fork/join queue shown in figure 2, assuming that K = 2. Let J-Ll(i) and JL2(i) be the state-dependent service rate of sibling queue 1 and 2, i = 1,2, ...M. Let Pi,j be the steady state probability that there are i and j jobs in sibling queue 1 and 2 respectively. It can be easily shown that this system has a product-form solution (see also Duda and Czachorski [4] ). The stationary equations are as follows:
We can easily obtain
and
Using expression (10) in conjunction with Norton's theorem. we can now reduce approximately the K-dimeosional fork/join system to a 2-dirnensional fork/join system as follows.
Let us first number the sibling queues in figure 2 from 1 to K starting from the top, The approximation algorithm can now be summarized as follows:
Step 1. Consider the closed queueing system consisting of sibling queues 1 and 2
(and their corresponding synchronization queues) obtained from figure 2 by shorting out the remaining sibling queues. Let T (i), i = 1,2, ..~1, be the throughput of this system, obtained using expression (10) . Replace this system by an equivalent composite node, call it C 1 , with a state-dependent service rate equal to T (i). Now, use composite node C 1 and sibling queue 3 to form a new 2-dimensional fork/join queue. As above, construct an equivalent composite node, call it C 2 -Proceed as above until the K-l sibling queues are replaced by an equivalent composite node C K -2 • The K-dimensional fork/join queue has now been reduced to a 2-dirnensional queue consisting of the composite node C K -2 and sibling queue K and their associated synchronization queues.
Step 2. In the original queueing network system substitute the Kvdimensional fork/join queue by the 2-dimensional fork/join queue obtained from step 1 (see figure 3 ). Solve this model numerically to obtain the system throughput, the mean queue length of the primary node, the Kth sibling queue, and its synchronization queue. Also, by applying Little's relation one can obtain the mean waiting time in each of these three queues, and the mean response time of the fork/join operation, i.e., the mean time elapsing from the moment a job is split up to the moment it joins again the primary node.
The above procedure yields performance measures for the primary node and .the Kth sibling queue (and its synchronization queue). We can obtain performance measures of any other sibling queue i, i = 1,2,.. ,K-l and its associated synchronization queue, by simply exchanging sibling queue i with sibling queue K and then apply the above algorithm. In this section, we. present a modification of the procedure described above
that can be used to analyze the model shown in figure 1 , under the assumption that all the sibling queues are served at the same rate (homogeneous system). The modified procedure aims at improving the accuracy of step 1. It is based on the empirical observation that the difference between the exact throughput T n(i) of the a-dimensional fork/join queue and the approximate throughput t (i) obtained n from step 1, proportionally increases as n increases. In particular. The modified procedure gives very good results for the system throughput and the mean response time of the fork/join operation (the relative error is less than 3%). But, we get a big error for the mean queue lengths of a sibling queue and its synchronization queue when ""0 > 1. We note, however, that the sum of these two J..Ll mean queue lengths is practically equal to the exact solution.
Conclusion
We developed an approximation procedure for analyzing a closed queueing network with a K-dimensional fork/join queue. The approximation procedure is based on Norton's theorem, and it was shown through a number of examples that it gives results which are a lower bound of the system throughput and an upper bound of the mean response time of the fork/join operation. The modified procedure is only applicable to the homogeneous case. It gives very good results for the system throughput and the mean response time of the fork/join operation.
\Ve note that the original queueing network shown in figure 1 can be also approximately reduced-a two-node closed queueing networks consisting of the original primary node and a composite node with a state-dependent service rate equal to T e,N(i). This closed queueing network can be easily analyzed. The system throughput, the mean queue length of the primary node and the mean response time of the fork/ join operation obtained from this model are very close to the exact results. The main drawback of this approach is that we loose information regarding the synchronization delay.
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